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1. (=) Let {Uy}a be an open cover of the Z in (X,¥). Then {U, NY}, is an open cover of Z in
(Y,%y). By compactness of Z in (Y, %y ), there exists a finite subcover {U; N Y}, of Z. Since
Z CY, {U;} is a finite subcover of Z in (X, ). Hence Z is compact in (X, T).

(<) Let {V4}a be an open cover of the Z in (Y,%T|y). Since V,, € T|y, we have V,, = W, NY
for some W, € . Then {W,}, is an open cover of Z in (X, ). By compactness of Z in (X, %),
there exists a finite subcover {W;}? , of Z. Since Z C Y, {W; NY '}, is a finite subcover of Z in
(Y,%|y). Hence Z is compact in (Y, T|y).

2. By Q)1), it suffices to show that C; NCy is compact in (C1,%|¢, ). Note that Cy is compact. Hence
it suffices to show that C; N Cy is closed in (Cy,%|c, ).

Since C and C5 are compact sets in the Hausdorff space X, C7 and Cy are closed in X. Therefore,
C1 Ny is closed in X. This implies that C'y N Cs is closed in C;. Hence C7 N Cy is compact.

3. * For each n € N, consider the open cover {B(z,1) | z € X}. By compactness of X, there exists
a finite subcover {B(:El("), %)}fgl of X. Consider the set D = {xl(") | ne NI =1,2...k}
We want to show that D is a countable dense set. Since D is countable union of finite sets, it
is countable. Furthermore, pick any point x € X and consider any open ball B(x,r) centered
at « with radius r. Choose ng such that 7%0 < r. Consider the open cover {B(a:l("o), n%)}f:i
of X. Since it is an open cover, there exists some point :L'l(:) such that = € B(:cl(:), nio) Hence

d(ac,xl(:)) < nio < rand xl(:) € B(z,r). This shows that D is a dense set.



